Abstract. The Legendre-Stirling numbers of the first kind   j n
Ps are defined by the coefficients of Taylor expansion of the function ( 2)( 6) ( ( 1) , which are called the extended Legendre-Stirling numbers of the first kind. Several properties of the two new sequences are proved, such as the recurrence relations, vertical recurrence relation, forward difference. Also, this paper shows a relational expression of the Legendre-Stirling numbers of the extended first and second kinds.
Introduction
The Legendre-Stirling numbers of the second kind   j n PS were first introduced in 2002 as a result of a problem involving the spectral theory of powers of the classical second-order Legendre differential expression by Everitt, Littlejohn and Wellman (see [1] ). Specically, these numbers are the coefficients of integral composite powers of the Legendre expression in Lagrangian symmetric form. Quite remarkably, they share many similar properties with the classical Stirling numbers of the second kind which are the coefficients of integral powers of the Laguerre differential expression.
The Legendre-Stirling numbers of the first kind
were defined by Andrews and Littlejohn [2] in 2009. The properties of the Legendre-Stirling numbers of the first kind, such as the recurrence relations, were studied by Egge in 2010 [3] . From Ref. [2] , we know that n, j are non-negative integer in the Legendre-Stirling numbers. In this paper, with reference to the "sum function" of the Legendre-Stirling numbers of the first kind, here the "sum function" is ( 2)( 6) ( ( 1) ).
In this paper, we introduce a new function  
( 2)( 6) ( ( 1) )
A new type of sequence is defined by the coefficient of Laurent expansion of the new function. These numbers have similar recurrence relations to the Legendre-Stirling numbers of the first kind which are called the extended Legendre-Stirling numbers of the first kind. In fact, it can be seen as an extension of the domain of the Legendre-Stirling numbers of the first kind, that is, the range of n, j are expanded to integers.
The extension of the Legendre-Stirling numbers of the first kind
Andrews and Littlejohn [4] defined the Legendre-Stirling numbers of the first kind ( ( 1) ) ( 1) n n x x n n x n     . And the Legendre-Stirling numbers
Ps satisfy the following triangular recurrence relation [2] :
Ps  In order to extend the Legendre-Stirling numbers of the first kind, we introduce the function
It is easy to see that the sequence   0
( ( 1) ) ( 1).
n n x x n n x n
Now we show the Laurent series expansion of
. Ps  can not be found in 1 X , so we get  
In the range of X2, the Laurent series expansion of the function n x  is given by
where the coefficients
are called the extended Legendre-Stirling numbers of the first kind. We can see that (1) for =0 n , since =1 n x  , we get 
The properties of the extended Legendre-Stirling numbers of the first kind
When n=0, n=1, we have got equations (4), (5), (6), (7) about the extended Legendre-Stirling numbers of the first kind. For n>1, the following results are clear proved about the numbers. 
